Snap-Off of Gas Bubbles in Smoothly
Constricted Noncircular Capillaries

A corner flow hydrodynamic theory is outlined for the time to snap-off
of a gas bubble moving through a smoothly constricted noncircular cap-
illary as a function of the pore geometry and the capillary number, Ca.
Above a transition capillary number the time to snap-off is independent
of Ca, while below it the time to snap-off is inversely proportional to the
capillary number. Thin films of liquid deposited along the capillary walls
are shown to play a minor role; they are accordingly neglected in the
analysis. The proposed theory is compared to new experimental results
for snap-off in two constricted square capillaries (dimensionless con-
striction radii of 0.3 and 0.5) over a range of capillary numbers (107° to
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107%), wetting-liquid viscosities (1.0 to 8.5 mPa - s), and surfactant
types. Good agreement is found between theory and experiment.

Introduction

An understanding of the foam generation process in porous
media is important to foam flooding as an enhanced oil recovery
technique (Fried, 1961) and to foaming in trickle-bed reactors
(Charpentier and Favier, 1975). One of the primary mecha-
nisms of foam generation in porous media is the snap-off of gas
bubbles passing through constricted pores (Mast, 1972; Ranso-
hoff and Radke, 1986a). Most flow channels in porous media
are noncircular in cross section (Dullien, 1979), and a difference
in the effect of gas-bubble velocity on snap-off in constricted
circular and noncircular capillaries has been demonstrated ex-
perimentally (Gauglitz, 1986). Therefore, it is important to
understand and model the snap-off process in a constricted non-
circular pore. Although the problem of snap-off in cylindrical
capillaries has been thoroughly studied (Gauglitz, 1986; Goren,
1962; Hammond, 1983), little effort has been directed toward
gas-bubble breakup in noncircular capillaries.

Work related to snap-off in noncircular pores has been pre-
sented by a number of authors. Lenormand and Zarcone (1984)
identified snap-off as one of the processes involved in two-phase
flow in a square capillary network. In a predominantly experi-
mental work Arriola et al. (1983) investigated the mobilization
of oil droplets by surfactants and the resulting droplet snap-off
in a constricted square capillary. Finally, Roof (1970) studied
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the snap-off of nonwetting oil droplets, which is very similar to
the snap-off of nonwetting gas bubbles, in a constricted cylindri-
cal capillary with a groove filed into the wall. In this work he
developed a static criterion for snap-off that will be described
later. However, no one has yet quantified the dynamics of snap-
off in noncircular pores. This is our objective.

It is the curvature-driven flow of the wetting liquid along the
capillary walls that controls the dynamics of the snap-off of a
nonwetting bubble. One substantial difference between snap-off
in circular and noncircular pores is the wetting-liquid flow
behavior. In cylindrical capillaries the wetting liquid flows along
the thin films of liquid that line the pore walls. However, in cap-
illaries of noncircular cross section the wetting flow occurs pri-
marily in the corner regions. Legait (1983) and Singhal and
Somerton {1970) have studied two-phase flow problems in
square and triangular capillaries, respectively. In addition, the
problem of wetting liquid flow along the corners of a predomi-
nantly gas-occupied noncircular pore has been solved by Ranso-
hoff and Radke (1986b); it is from this latter paper that the
dimensionless flow resistance required to quantify the snap-off
process is obtained.

We develop a hydrodynamic model to predict the dynamic
breakup of a gas bubble moving through a smoothly constricted
noncircular capillary. Calculations are presented for the time to
snap-off as a function of the capillary number with the dimen-
sionless resistance to wetting-liquid flow along the corners as a
parameter. The calculated snap-off times are compared with
experimental data obtained by Gauglitz (1986).
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Theory

The snap-off of a gas bubble moving at a constant flow rate
through a constricted noncircular capillary is illustrated in Fig-
ure 1. As the bubble invades the constriction, the mean curva-
ture of the gas-liquid interface C,, increases so that the bubble
front may squeeze into the constriction. After the front has
passed the tightest part, or neck, of the constriction, the interfa-
cial curvature begins to decrease. As is explained in the analysis
that follows, this drop in curvature, if sufficiently large, initiates
a wetting-liquid pressure gradient directed from the front of the
bubble to the neck of the constriction. Liquid flows into the con-
striction, and eventually enough liquid may accumulate at the
constriction neck to block the pore and snap off a gas bubble.

As the gas bubble moves through the noncircular capillary, it
leaves liquid behind in the corner regions of the capillary, as
seen in the cross-sectional view presented in Figure 2. Of course,
there will also be wetting liquid left behind in thin films along
the straight sections of the capillary. However, the amount of
liquid in the films is generally much less than that in the corner
regions. Therefore, the thin films are neglected throughout the
bulk of our analysis; their effect, which is secondary, is consid-
ered at the end of this section.

As will be demonstrated, the wetting-liquid flow along the
corners controls the time to snap-off, so as an initial step it is
necessary to determine the local amount of liquid deposited in
the corners (i.e., the local interfacial curvature) as the bubble
front moves through each part of the constriction. Due to the low
resistance to liquid rearrangement in the corners compared to
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Figure 1. The snap-off process.
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Figure 2. Cross-sectional view: wetting-liquid distribu-
tion in a square capillary after a gas bubbie has
invaded.

that in the thin films, the initial curvature of the interface
deposited by the bubble at any axial position equals the curva-
ture of the bubble front passing through that axial position. For
smoothly constricted capillaries, we assert that the interfacial
curvature at the front of the bubble adjusts immediately to the
equilibrium configuration so that, regardless of the bubble
velocity, the amount of liquid initially deposited in the corners is
set by the equilibrium or minimum surface energy curvature.
The local bubble-front curvature corresponding to the mini-
mum surface energy can be uniquely determined following
Mayer and Stowe (1965), as described in the Appendix. Values
are presented in Table 1 for the equilibrium dimensionless inter-
facial curvature, €, = C,.R, in a variety of noncircular cross sec-
tions, where R is the local radius of the largest inscribed circle of
the capillary. Notice that the interface in a noncircular pore
always has a lower curvature than a hemisphere of radius R.
Since the mean curvature of the interface C,, is inversely pro-
portional to the local radius of the capillary, the interfacial cur-
vature of the gas-liquid interface increases as the bubble is

Diagram || Cm

O

Square (Legait, 1983) 1.89

Cross-Sectional Shape

Circle 2.00

‘,’ - ‘\v/"‘\"
Four Beads (Mayer and Stowe, 1965) |/~ : "‘, 1.86
Equilateral Triangle A 1.77
o9
Three Beads (Mayer and Stowe, 1965) .\7 5O 17

-

Table 1. Dimensionless Interfacial Curvatures for Capillaries

of Different Cross-sectional Shapes
Thin films are neglected; contact angle ¥ assumed to be 0°,
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forced into the constriction. The mean curvature is directly
related to the capillary pressure P, through the Young-Laplace
equation,

P,=p,—p,=-dC,,,, (l)

where p, is the pressure in the gas phase, p; is the pressure in the
wetting liquid, and ¢ is the surface tension. Therefore, as the
bubble squeezes into the constriction the capillary pressure rises.
Likewise, as the bubble emerges from the neck of the constric-
tion the capillary pressure and interfacial curvature at the bub-
ble front decrease. The difference between the initial interfacial
curvatures in the unconstricted section of the tube and in the
neck, or throat, of the constriction results in a capillary pressure
drop from the throat to the wide section of the capillary. Since it
is assumed in this analysis that the gas phase is inviscid, p, will
be constant with respect to axial position, and the capillary pres-
sure drop is equivalent to an axial, wetting-phase pressure gra-
dient for liquid flow from the bubble front in the unconstricted
tube section into the neck of the constriction.

The curvature gradients established by the moving bubble
front cause the wetting liquid to flow into the pore throat, until
the interfacial curvature in the neck approaches that of the bub-
ble front. To determine whether snap-off will occur as the
interface nears constant curvature, the stability of the liquid dis-
tribution in a noncircular pore must be examined. Qualitative
arguments reveal that the gas-liquid interface in the corner of a
noncircular pore is stable to small perturbations. The reason for
this stability can be seen by considering a small local increase in
liquid saturation at the interface, as shown in Figure 3a. The
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Figure 3. Point of instability or critical curvature in a non-

circular capillary.
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curvature of the saturation disturbance in a corner, C,,;, is lower
than the average local curvature, C,,. The inviscid gas-phase
pressure is constant, so the liquid pressure will be highest in the
region of highest liquid saturation, causing liquid to flow out of
this region and healing the disturbance. However, when the
interfaces from two corner regions meet, as shown in Figure 3b,
the curvature at that axial position reaches a minimum value
corresponding to the critical capillary pressure for snap-off.
Once this critical curvature is attained, a local increase in liquid
saturation results in a capillary pressure rise, or a liquid pressure
drop. At this point the interface loses its stability, because as lig-
uid flows in from the surroundings it causes an even greater cap-
illary pressure rise. It is assumed that snap-off occurs essentially
instantaneously at this point. Growth rates estimated from the
linear stability analysis of Goren (1962) support this assumption
because at the onset of snap-off, the liquid-filled regions of a
noncircular capillary exhibit even less viscous resistance than
the thin liquid films in a circular capillary. More important, the
experimental observations of Gauglitz (1986) for constricted
square pores indicate that collar formation is very rapid com-
pared to the rest of the snap-off process.

Other major differences in the snap-off behavior of nonwet-
ting bubbles in circular and noncircular capillaries can be
deduced from the stability arguments presented above. First, as
seen later, snap-off in noncircular pores requires a constriction
of a certain critical magnitude or greater, whereas it has been
shown both theoretically and experimentally (Gauglitz, 1986;
Goren, 1962) that snap-off can occur in unconstricted circular
capillaries. Second, stable liquid collars are predicted and exper-
imentally confirmed in both constricted and unconstricted
circular capillaries when the initial liquid film is very thin (Gau-
glitz, 1986; Mohanty, 1981). However, in constricted noncircu-
lar capillaries such stable collars have not been observed and
indeed are not likely due to the large amount of liquid held in the
corners.

Since collar formation is rapid, the time to snap-off in a non-
circular pore is controlled solely by the wetting-liquid flow along
the corners. The corner flow problem, whose geometry is illus-
trated in Figure 4, has been solved numerically by Ransohoff
and Radke (1986b). The solution to this problem is presented in
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Figure 4. Geometry of the corner-flow problem.
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the form of a dimensionless flow resistance 8, which is defined:

a’ dp,
ﬁ=#<v2)(_ 71?) @

where a is the radius of the interfacial circle, « is the wetting-
liquid viscosity, p; is the wetting-liquid pressure, z is the axial
coordinate, and (v, ) is the average axial velocity. Values for the
dimensionless flow resistance are available (Ransohoff and
Radke, 1986b) in terms of the characteristic geometry of the
corner flow area [half-angle «, and degree of roundedness
Ro = (a,, — a,)/(a. —~ a)], the contact angle ¥, and the
dimensionless rigidity of the interface u,/au, where y, is a Bous-
sinesq, or shear-independent, surface shear viscosity. In reality,
the rigidity of the interface could be caused by a number of
other phenomena, such as surface tension gradients or surface
dilatational dissipation.

Although the time for the wetting-liquid corner fiow into the
constriction, ¢,, is of primary importance to the dynamics of
snap-off in constricted noncircular capillaries, a second time
scale also arises: the time for the bubble to move through the
downstream side of the constriction, #,. Competition between
these two time scales is paramount. If 7, is much greater than z,,
then the bubble moves through the constriction so slowly with
respect to the time required for corner liquid readjustment that
the liquid in the neck of the constriction is always in equilibrium
with the liquid in front of the bubble. Therefore, snap-off occurs
as soon as the bubble-front capillary pressure dips below the
critical value, and the static breakup criterion presented in the
following section applies. Conversely, if ¢, is much smaller than
t,, the bubble moves through the constriction so rapidly that
when the bubble front reaches the unconstricted section of the
capillary, the curvature at the gas-liquid interface is essentially
the same as the curvature initially ‘““deposited” by the bubble
front. In this case, the dynamics of snap-off are dominated by
the wetting-liquid flow along the corners into the capillary
neck.

We first address the question of how tight a constriction must
be in order for snap-off to occur in a noncircular pore. The
answer is presented in the form of a “static” criterion for snap-
off in noncircular pores after a similar treatment by Roof
(1970). Next, we consider how long it takes for snap-off to
occur. A dynamic analysis is presented for determining the time
to snap-off based on the two primary time scales discussed
above, 7, and 17, as a function of capillary geometry, fluid prop-
erties, and gas-bubble velocity. Finally, the effect of the thin
films of wetting liquid on the time to snap-off is pursued. Com-
parison is made to experimental results in the last section of this
paper.

Static criterion for snap-off in a noncircular pore

Roof’s analysis (1970) of the snap-off of oil droplets in toroi-
dal constrictions provides the static criterion for snap-off of a
perfectly nonwetting phase that has invaded the neck of a con-
striction. When gravity is neglected, the bubble exhibits a con-
stant-curvature surface. Thus, in Roof’s analysis, the wetting-
liquid flow required to maintain a constant interfacial curvature
is assumed to be so fast that the mean interfacial curvature in
the neck of the constriction, C,,, is always equal to that at the
bubble front in the unconstricted section of the tube, C,,. By the
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energy-minimization process described above, C,r is related to
the dimensionless interfacial curvature, C‘,,,, and the radius of
the largest inscribed circle in the straight section of the capil-
lary, Ry, by Cpir = ~,,,/ R;. Thus according to Roof’s arguments,
we have

¢
- =" 3
Cmc CmT RT ( )

Again, values of Cm are given in Table 1 for various cross-sec-
tional geometries.

The liquid distribution in a noncircular capillary becomes
unstable to snap-off when the interfacial curvature decreases to
the critical value C¥*, corresponding to the curvature of the larg-
est inscribed circle, as shown in Figure 3b. When this distribu-
tion is reached, Roof suggests, as we do, that the resulting
instability grows so quickly that snap-off occurs essentially
instantaneously. The static analysis predicts that snap-off will
occur at the neck of the constriction because CJ is highest at the
throat. Therefore, C#, is the critical curvature for snap-off in a
noncircular pore; it can be expressed in terms of the two princi-
pal radii of curvature as follows,

cr oL
" R R(0)

4)

where R. is the radius of the largest inscribed circle at the con-
striction neck, and R, (0) is the transverse interfacial radius of
curvature at the neck, which is related to the shape of the con-
striction.

Therefore, if the curvature of the gas-liquid interface drops
below the critical value of C%., then according to the static anal-
ysis, snap-off occurs immediately. With Eqgs. 3 and 4, the in-
equality C,, = C} can be rewritten to give the following expres-
sion:

Cu 1 I
r R R(0)

(%)

Equation 5 can be rearranged as follows to produce a static cri-
terion for snap off,

Ry = SnRR(O 6)
(R\(0) — R.)

The criterion is strictly geometric and states that if the uncon-
stricted tube radius is greater than the right side of Eq. 6, then
snap-off will occur; otherwise the bubble will remain intact.

If the transverse radius of curvature R,(0) is much greater
than R,, then the criterion in Eq. 6 reduces to the following sim-
ple expression:

Rr=C,R.. (7

As an example, consider a constriction whose shape is given by
the following cosine function, as illustrated in Figure 5,

)\(2)=1—(12

— x") [1 + cos (273)], (8)
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Figure 5. Geometry of the capillary constriction.

where A(2) = R(2)/Ry, A, = R./Ry, and % is the dimensionless
axial position, Z = z/L. z is the axial position measured from the
neck of the constriction, and L is the constriction wavelength.
The cosine function given in Eq. 8 accurately represents the
carefully constricted square capillaries that we use in the snap-
off experiments described later. With this shape function, the
following expression for the transverse radius of curvature of the
interface at the constriction neck, R,(0), can be calculated, as
described in detail elsewhere (Ransohoff, 1986):

R(@©) L [ 1 ©)

L~ Ry|2r(1 - Ac)sina]’

where « is the half-angle of the corner. Equation 9 reveals that
for a constriction with L/ R equal to about 10, R,(0) is approxi-
mately equal to L; for larger values of L/Ry, R,(0) is greater
than L. In these cases, R,(0) is much greater than R, and may be
safely neglected in calculation of the curvature.

The analysis presented in this paper uses the assumption that
the capillary is smoothly constricted (i.e., that L/ Ry > 10), and
therefore the contribution to the interfacial curvature due to the
axial shape of the constriction is neglected. The applications of
our problem generally lie in porous media that certainly exhibit
some sharply constricted pores. However, snap-off is actually
less likely in sharply constricted geometries because a smaller
transverse radius of curvature (i.e., a smaller R,(0) in Eq. 4)
decreases the mean curvature of the constriction. That is, a large
axial curvature, i.e., a sharp constriction, stabilizes the liquid-
gas interface against snap-off. Indeed, Legait (1983) con-
structed sharp corners in a constricted square capillary and did
not observe snap-off. Therefore, the assumption of a smooth
constriction is both convenient and relevant to foam generation
in porous media.

The static criterion of Eq. 7 is very useful in predicting
whether snap-off will occur in a constriction of noncircular cross
section. However, it provides no information concerning the
time required for snap-off or the size of the bubbles generated.
To predict the time to snap-off, the dynamics of the snap-off
process must be described.
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Time required for a bubble to move
through a constriction

The differential time interval df required for a bubble moving
at velocity u,(z) to pass through a differential axial length of the
capillary dz is given by definition as

dz
dt = . 10
t e (10)

For the case of an incompressible bubble moving at constant
flow rate through a constriction of constant cross-sectional
shape, u,(z) can be calculated from the bubble velocity in the
unconstricted section, uy,

uTRZT

RG (11)

ug(z) =

Let the length element z in Eq. 10 be scaled by the wavelength
of the constriction, L, and the local radius R(z) be scaled by R,
the radius of the largest inscribed circle in the unconstricted sec-
tion of the capillary. Equations 10 and 11 then combine to read

di = M(3)%z, (12)
where A(2) = R(2)/Rr,% = z/L,and t = tu,/L.

To calculate ¢,, the time required for a bubble to move
through the downstream side of a constriction of length L, Eq.
12 is integrated:

f07’d£= = fo‘”x(z)z d.

When the shape of the constriction is modeled by the cosine
function given in Eq. 8, Eq. 13 yields

(13)

~ 3 X

32
—+ "+

16 °

(14)

As expected, bubbles move slightly faster through the down-
stream side of a tighter constriction than of a looser one; a plot of
t, as a function of A, is given in Figure 6. The indicated limiting
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Figure 6. Dimensionless time for a bubble to move
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——~~ Transition between capillary geometries that allow snap-off
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values of A, for snap-off in equilateral triangular and square
capillaries are based on the static snap-off criterion of Eq. 7.

Equation 14 provides an upper bound on #; for two reasons.
First, the assumption of an incompressible bubble used in this
analysis is questionable for gas bubbles passing through tight
constrictions at low velocities (Gauglitz, 1986); a compressible
bubble will move through the downstream half of the constric-
tion more quickly than an incompressible bubble. Second, 1,
should not be the time required for the bubble to move through
the entire constriction; rather, it should be the time for the bub-
ble to move from the neck of the constriction to the axial position
2* at which the static snap-off criterion is first met. The bubble
will nearly always reach the critical axial position 2* before it
reaches the end of the constriction.

It is important to note that the effects of the nonwetting bub-
ble velocity and constriction length on the time for the bubble to
flow through the constriction, ¢, = r »L/ur, are both contained in
the characteristic time L/ur. Therefore, ¢, can be calculated
given the shape function of the constriction A(Z), the length of
the constriction L, and the nonwetting bubble velocity in the
unconstricted section of the capillary u;. In the next section we
address the calculation of other major characteristic time in this
problem, ¢z, the time to snap-off due to “flowback” of the wet-
ting liquid.

An evolution equation for corner flow time

Calculation of ¢, requires the solution to the problem of the
flow of a wetting liquid from the front of a gas bubble into the
throat of the constriction of a noncircular capillary to cause
snap-off. The thin films of wetting liquid, which are important
in the dynamics of snap-off in a circular pore, are neglected in
this analysis. Their secondary effect is considered later.

To begin the analysis, the relationship between flow along the
corners and accumulation of liquid in the constriction, which
will eventually lead to snap-off, is described by a continuity
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equation for the liquid phase:

?ﬁ=_fqﬂ (15)
at 9z’

where A, is the cross-sectional area available for wetting-liquid
flow along the corners, and g, is the wetting-liquid volumetric
flow rate. Upon neglect of viscous dissipation in the gas phase, g,
is related by Eq. 2 to the local liquid pressure drop, dp,/dz,
through the dimensionless flow resistance for flow along a cor-
ner 3, as described by Ransohoff and Radke (1986b),

_az(z)Al d_P{
q,= B -~z

(16)

where u is the wetting-fluid viscosity.
As discussed previously, the assumption of a smoothly con-
stricted capillary permits neglect of the transverse curvature,
making the circumferential radius of curvature a(z) the only
important curvature component, so that C,(z) = 1/a(z). The
Young-Laplace expression is then differentiated with respect to
z to establish the liquid-phase pressure gradient,
@hi[_ﬂ_}:_;_@_ (17)

dz dzla(z)| a*(z) dz

Combining Eqs. 15-17 and using the fact that A, is proportional
to a® yields an evolution equation, which describes the interfa-
cial radius of curvature as a function of position and time,

(18)

- K — P

Ok % 5 dk\?

a1 oz ( ) '
where «x = a/Ry is the dimensionless interfacial radius of curva-
ture,? — z/L,and f = t/7,. 7, is the characteristic time for liguid
flow and is equal to [2ufR7(L/Ry)*]/s. In Eq. 18 the assump-
tion is made that the dimensionless flow resistance § is a con-
stant, independent of position or time. This assumption is
correct for flow of a fluid exhibiting a no-stress or a no-slip inter-
face in a capillary with sharp corners and constant cross-sec-
tional shape. When there is a finite surface shear viscosity (i.e.,
neither a no-stress nor a no-slip interface), or the corners are
rounded, or the cross-sectional shape changes with axial posi-
tion, then the assumption is not correct. However, if 8 is taken as
a function of axial position, time, or both, the solution to the
problem becomes much more difficult. In this study, the dimen-
sionless flow resistance is always assumed to be a constant; in
the cases where this assumption is not strictly valid, we use an
average value of 3 based on the appropriate limiting values of
surface shear viscosity, corner roundedness, or cross-sectional
shape.

Equation 18 is solved numerically using a Galerkin finite-ele-
ment technique with a Crank-Nicolson time-stepping scheme to
give « as a function of position and time in a constriction with a
shape function given by Eq. 8. A detailed description of the
numerical techniques is given elsewhere (Ransohoff, 1986). As
shown in Figure 3, snap-off occurs when C,,(z) = 1/[R(z)],0r in
dimensionless form, when x(Z) = A(). As expected, the solution
to Eq. 18 demands that snap-off commence at Z = 0, the neck of
the constriction, for large values of A.. However, as A,
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approaches zero the snap-off position moves slightly down-
stream from the neck of the constriction to a dimensionless axial
position of around Z = 0.05. One implication of this result is that
the amount of liquid flow required for snap-off in an infinitely
tight constriction is finite. Therefore, as A, approaches zero the
dimensionless time for corner flow ¢, approaches a nonzero value
that is slightly dependent on the geometry of the constriction.
The nonzero asymptote can be seen in Figure 7, which is a plot
of the reduced time to snap-off by corner flow, 7,, as a function
of the dimensionless constriction radius A, for capillaries of both
square and equilateral triangle cross sections. It is evident that
there is little effect of A, on 1, for tight constrictions. However, as
\. approaches I/C’,,,, which is the maximum value at which
snap-off is still possible, the driving force for liquid flow
becomes infinitesimal and the corresponding snap-off time in-
creases dramatically.

The effects of fluid properties, constriction length, corner
geometry, and pore size on the time for liquid flow to cause snap
off, 1, = 1,7,, are embodied in the characteristic time for liquid
flow, 7. = [2uR;B(L/R;)*]/a. From the form of 7., it is clear
that the time for liquid flow is directly proportional to the square
of the normalized constriction length L/R;, directly propor-
tional to the viscosity of the liquid , and inversely proportional
to ¢/ Ry, which represents the tension driving force for liquid
flow. The effects of surface shear viscosity, corner geometry,
and contact angle are contained in the dimensioniess flow resis-
tance 8, which is calculated as a function of these variables else-
where (Ransohoff and Radke, 1986b).

Calculation of time to snap-off in noncircular pores

The overall time to snap-off of a gas bubble in a constricted
noncircular capillary can now be determined. The calculation is
started at ¢t = 0, which is set to the time when the bubble front
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Figure 7. Dimensionless time for liquid flow into a con-
striction to cause snap-off . as a function of
A ’
—~——— Transition between capillary geometries that allow snap-off
and those that do not.
Calculations are for capillaries of square and equilateral triangle
cross sections.
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reaches the neck of the constriction. Values for the dimension-
less time for a bubble to move through the constriction, fb, and
for the dimensionless time for liquid to flow back into the tight
part of the constriction, 7, are obtained from F igures 6 and 7 for
the specified capillary geometry. These dimensionless times can
be multiplied by their respective characteristic times to establish
tyand z,. The maximum of ¢, and ¢, is then taken to be the time to
snap-off, t,,, which is reduced by the characteristic time 7,, =
uRy/o. In this section f,, = 1.,/ 7. is calculated as a function of
the capillary number; the resulting theory is later tested against
the experimental data of Gauglitz (1986).

An example calculation of 1, is presented here for a con-
stricted square pore with A, = 0.3 and L/R; = 20. f, is deter-
mined for the given conditions from Figure 6 to be approxi-
mately equal to 0.24. The actual time required for the bubble to
move through the constriction, #,, can then be calculated as

ty =22 . T, (19)

Likewise, 7, is determined from Figure 7 for the given constric-
tion shape to be 0.073, permitting 7, to be calculated:

- S8BuR
t,=f,1,= 38BuRy (20)

a

As described above, the dimensionless time to snap-off, 1, is
written as follows,

~  max|,t|o

f,= __l_”_fl_ . @n
uRy

Values of 7,, are obtained as a function of the capillary number,

Ca = puy/s, with 8 as a parameter; results are plotted in Figure

8. Notice that the contribution to the time to snap-off due to 7, is
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Figure 8. Dimensionless time to snap-off I, as a function
of the capillary number Ca, over a range of val-
ues for dimensionless corner flow resistance

8.

The capillary considered is square with A, = 0.3, L/R; = 20.
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independent of the capillary number, while the contribution
from t, is inversely proportional to Ca. There is a transition cap-
illary number at which the time to snap-off changes from the
time for the bubble to move through the constriction, f,, to the
time for the liquid flow causing snap-off, r,. It is evident that the
dimensionless flow resistance 3 strongly affects the contribution
of t,. As 8 increases, the transition capillary number decreases
and f, becomes a more important contribution to the snap-off
time.

The effect of A, on the time to snap-off is considered by per-
forming the same calculation for A, = 0.4 and L/Ry = 20, the
results of which are plotted in Figure 9. Comparison of Figures 8
and 9 shows that increasing A, does not significantly change the
value of #,, but it does significantly increase the contribution of
t.. This result is expected in light of the dependencies of ¢, and ¢,
on A,, displayed in Figures 6 and 7, respectively.

So far, the thin films of wetting liquid that line the straight
sections of the noncircular capillary have been neglected in the
dynamic snap-off analysis. In the next section, the effect of thin
films on the time to snap-off is considered.

Effect of thin films

When a bubble front moves through a noncircular capillary,
thin films of wetting liquid are deposited along the straight sec-
tions in addition to the liquid left behind in the corner regions. A
cross-sectional view of the initial distribution of wetting liquid is
illustrated in Figure 10a. An analysis of the initial film thickness
laid down by a bubble moving through a circular capillary was
first performed by Bretherton (1961). This analysis has not been
extended to noncircular capillaries. However, based on Brether-
ton’s theory, we expect the initial dimensionless film thickness in
a noncircular pore, 71,, = h,(z)/R(z), to be proportional to the
capillary number raised to some power. Compared to the case
where the thin films are neglected, the presence of thin films
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Figure 9. Dimensionless time to snap off {,, as a function
of the capillary number Ca over a range of val-
ues for dimensionless corner flow resistance
B.

The capillary considered is square with A, = 0.4, L/R; = 20.
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Figure 10. Initial and equilibrium distributions of liquid,
considering the thin films of wetting liquid de-
posited along the straight sections of the pore
in a noncircular capillary.

increases the wetting liquid saturation, S,, at any axial position.
The saturation in the presence of thin films can be determined
by simple geometrical arguments; for example, the saturation in
a square pore is

4-7 8 — 2n\ &, 4 — 7\ B2
Si=Ze T -Te )P E ) @

where C,, is the previously defined dimensionless interfacial cur-
vature, and A is the capillary cross-sectional area divided by
R(2)%

As time progresses, the liquid in the thin films drains into the
corner regions due to a capillary pressure gradient between the
flat thin films and the curved corner regions. This drainage pro-
cess, which is depicted in Figure 10a, is similar to the drainage
of liquid in foam and emulsion lamellae into the Plateau borders
(Adamson, 1976). Eventually, an equilibrium film thickness
may be attained where the magnitude of the disjoining pressure
in the thin films equals the magnitude of the capillary pressure
in the corner regions (Clunie et al., 1971). An evolution equa-
tion, from which the time for film drainage ¢, can be calculated,
is derived elsewhere (Ransohoff, 1986) The characteristic time
of the drainage process arises naturally from the scaling of this
evolution equation and has the form 7, = [u8,R(2)]/ ohl, where
8,is the dimensionless flow resistance for flow along the film.

If t;is much greater than the time to snap-off, the thin films
will not drain into the corner regions before spap-off occurs.
Therefore, the distribution of liquid in the capillary will remain
as illustrated in Figure 10a, and the effect of the thin films will
be to reduce the local characteristic dimension of the pore, R(z).
By decreasing the effective size of the pore, the thin films
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increase the critical capillary pressure required for snap-off in
the neck of the constriction, meaning that snap-off can occur
more quickly. In addition, for a given interfacial radius of curva-
ture, the area available for liquid flow at any axial position will
be larger. Therefore 8, the dimensionless flow resistance for flow
along the corners, will diminish. Finally, the bubble will almost
certainly be moving faster near the throat of the constriction
than in the unconstricted section of the tube, which, according to
Bretherton’s analysis (1961), causes h, to be greater near the
constriction neck. The effect of a relatively thicker film in the
neck of the constriction is to increase the driving force for flow
into the constriction over its value for the case in which the thin
films are neglected. These factors ail contribute to a decrease in
the time to snap-off as the film thickness increases.

If t;is much smaller than the snap-off time, then the liquid
deposited in the capillary will rearrange quickly into the config-
uration shown in Figure 10b. In this case the relationship
between the initially deposited saturation, §;, which is deter-
mined from Eq. 22, and the resulting dimensionless interfacial
curvature, C,,, is written in Eq. 23 for the case of a square capil-

lary.
~ 1[4 ~ax\1/2
C -
=35

The effect of drainage of the thin films is to decrease the result-
ing curvature of the interface by increasing the liquid saturation
at all points along the capillary. This will cause the dimension-
less flow resistance 3 to decrease, and will produce an initial con-
figuration at the constriction throat that is closer to the critical
snap-off configuration. Again, this leads to quicker snap-off
times.

Unlike snap-off in circular pores, where the thin films domi-
nate the physics of the problem (Gauglitz, 1986), the thin films
represent only a secondary effect in the problem of snap-off in a
noncircular pore. We have shown in this section that the second-
ary effect of thin films will be to-decrease the time to snap-off.
Bubbles moving at higher gas velocities lay down thicker films,
so a slight decrease in the time to snap-off is expected at higher
gas velocities.

(23)

Comparison with Experiment

In the experiments performed by Gauglitz (1986), gas bub-
bles were injected into constricted square pores at constant volu-
metric flow rates; 16 mm motion pictures recorded the subse-
quent snap-off events. The time to snap-off was determined by
counting the number of frames on the film from the time the
bubble reached the neck of the constriction to the time snap-off
occurred.

The experiments were carried out for four different wetting
liquids. Deionized distilled water (6 = 72 mN/m, g4 = 1.0
mPa - s) and a glycerol-water solution (¢ = 68 mN/m, u = 8.5
mPa . s) were used to investigate the effect of wetting-liquid vis-
cosity. To determine the effect of surface active agents, snap-off
behavior was also studied in aqueous solutions of sodium dode-
cyl benzene sulfonate (Sharpe Chem. Co., Burbank, CA, 1 wt.
%, a = 31 mN/m, p = 1.0 mPa . s) and Chaser SD1000 (Chev-
ron Chem. Co., Richmond, CA, 1 wt. %, ¢ = 39 mN/m, u = 1.1
mPa . s), an industrial sodium alkyl disulfonate (Straus et al.,
1976). Interestingly, consistent data were difficult to obtain for
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the water experiments because the disjoining forces resisting the
thin-film drainage are so weak that dry patches sometimes
formed on the straight sections of the square capillary. For the
glycerol-water solution, data reproducibility is within +10%.
With water and surfactant solutions, errors of at most a factor of
2 are seen.

Two constricted square glass capillaries (Wilmad Glass Co.,
Inc., Buena, NJ} with Ry = 0.5 mm were used in the experi-
ments. Before each experiment, the capillaries were carefully
cleaned with chromic acid and thoroughly flushed with deion-
ized distilled water. The “narrow” pore had a dimensionless
constriction radius A of about 0.3, and a dimensionless constric-
tion length L/R; of 16; the “wide” pore had a A, of approxi-
mately 0.5 and a dimensionless length of 14. Given A, and L/ R,
the shape of the constrictions was well approximated by the
cosine function in Eq. 8. Unfortunately, it is more difficult to
characterize the cross-sectional geometry of the square pores
than the constriction geometry. The parameter that is crucial to
this particular calculation is the degree of roundedness, Ro,
which can significantly affect the dimensionless flow resistance
B8 (Ransohoff and Radke, 1986b). When one considers the dis-
tribution of liquid in the corners as shown in Figure 11, it is clear
that a small filling-in of the corners can have a large effect on
the resistance to liquid flow, and it is very difficult to constrict a
square capillary without some rounding of the corners. From
characterization of the cross sections of the two square pores at

!

Figure 11. Effect of rounded corners on resistance to
flow along the corners of a noncircular pore.

Vol. 33, Neo. § 761



the neck of the constrictions (Gauglitz, 1986), we estimate that
on the average the corners are filled in to the extent of approxi-
mately 5% of the area of the cross section. This means that
throughout the wetting-liquid flowback process, the average
value of the degree of roundedness of the corner region, Ro,
which is needed for calculating the dimensionless flow resis-
tance, is approximately equal to 0.75.

For a perfectly wetting liquid, ¥ = 0, with a no-stress, gas-
tiquid interface, in a square pore, a = (w/4), with a degree of
roundedness of Ro = 0.75, the dimensionless flow resistance 3 is
calculated to be 760 (Ransohoff and Radke, 1986b) The time to
snap-off is then determined as a function of the capillary num-
ber by the methods outlined in the previous sections. This theo-
retical curve is plotted in Figure 12 and is compared to the data
for water and the glycerol-water solution (open triangles and
circles, respectively) in the narrow pore (A, ~ 0.3).

The theory developed in this paper does a reasonably good job
of predicting the time to snap-off, especially since no adjustable
parameters are employed. However, two items should be dis-
cussed. First, as mentioned previously, the analysis provides an
upper limit on ¢, due to the compressible nature of the gas bub-
ble and to the fact that the static snap-off criterion is generally
met before the bubble front reaches the end of the constriction.
Therefore, the theoretical curve for ¢, should be shifted to the
left, which suggests that it is the theory, not the circled datum at
the lowest capillary number, that is incorrect. The second point
is that the effect of the thin films, which was discussed in the
previous section, can be seen in Figure 12. As predicted, a
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Figure 12. Dimensionless time to snap-off as a function
of capillary number.
Data from Gauglitz (1986) for snap-off of gas bubbles in narrow
constricted square pore with measured parameters A, = 0.3,
L/R; = 16, Ry = 0.05.
A O Water (g = 1.0 mPa - 5,0 ~ 72 mN/m) and water-glycerol
solution (u = 8.5 mPa . 5,0 = 68 mN/m)
Vv B | wt. % SDBS solution (¢ = 1.0mPa - 5,0 = 31 mN/m) and
1 wt. % Chevron Chaser SD1000 solution (= 1.1 mPa - s, 0 = 39
mN/m)
— Predictions from theory with input parameters (A, and L/R;)
equal to measured parameters.
B is calculated for a perfectly wetting fluid in a square pore with
Ro = 0.75, and is equal to 760 for the case of a free interface
(#, = 0) and 2,800 for a rigid interface (u, = «).
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thicker film is deposited at the higher capillary numbers, caus-
ing the time to snap-off to decline.

The experimental results obtained in the narrow pore with the
two surfactant solutions (closed triangles and squares) are also
presented against the theory in Figure 12. The difference
between these results and those for solutions without surfactant
can only result from a change in the dimensionless flow resis-
tance. Generally, surfactants make the interface more rigid,
either through surface shear viscosity or tension gradients. This
rigidity causes an increase in the dimensionless resistance to
flow in the corners, 8, and therefore in the time for liquid flow,
t.. Given the corner flow parameters introduced earlier for the
square pores, a = (w/4), Ro = 0.75,and ¥ = 0, a rigid interface
causes 3 to increase from 760 to 2,800 (Ransohoff and Radke,
1986b). It is evident from Figure 12 that the increase in the time
to snap-off due to the presence of surfactants is modeled very
well a priori by accounting for the rigidity of the interface.

Finally, Figure 13 compares the surfactant-free data for the
narrow (A, = 0.3) and wide (A, ~ 0.5) pores. These data indicate,
as predicted in the theory section, that the time to snap-off
increases significantly as the dimensionless radius of curvature
A approaches the limiting value for snap-off in a square pore,
AF = 0.529. However, the time to snap-off in the wide pore
appears to be inversely proportional to the capillary number,
whereas theory predicts that it should be independent of the cap-
illary number. Although the inverse-capillary number depen-
dence suggests that ¢, may be equal to 7, over the range of flow
rates studied, this explanation is rejected because f; truly pro-
vides an upper limit, and the motion pictures show that the bub-
ble front is very far downstream from the constriction when
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Figure 13. Dimensionless time to snap-off as a function
of capillary number.
Data are from Gauglitz (1986) for snap-off of gas bubbles in two
constricted square pores of radii Ry = 0.05 cm and measured
parameters A, = 0.3, L/R; = 16 (narrow pore) and A, = 0.5,
L/Ry = 14 (wide pore).
Fluids used: water (4 = 1.0 mPa - s, 0 = 72 mN/m) and water-
glycerol solution (4 ~ 8.5 mPa - 5,6 = 68 mN/m)
— predictions from theory with input parameters (A, and L/R;)
equal to measured parameters.
8 is calculated to be 760 for a perfectly wetting fluid in a square
pore with u, = 0 and Ro = 0.75.
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snap-off occurs. It is possible, however, that as A, approaches the
limiting value for snap-off, the time to snap-off is more sensitive
to the initial curvature distribution and therefore is more sensi-
tive to the thickness of the neglected thin films, which is a strong
function of the capillary number.

Conclusions

A corner flow hydrodynamic theory is presented for calcu-
lating the time to snap-off of a gas bubble moving at constant
flow rate through smoothly constricted noncircular capillaries.
The time scales that are the most important in this problem are
the time for a bubble to move through the downstream side of a
constriction, ,, and the time for liquid to flow back into the con-
striction neck to cause snap-off, z,. Assuming an incompressible
bubble, an expression is developed for ¢, that represents an upper
limit on this contribution to the snap-off time. ¢, is calculated
from a dynamic evolution equation. The maximum of these two
times is taken to be the time to snap-off, which is quantified as a
function of the capillary number, Ca = uru /0o, the dimensionless
flow resistance, 3, and the shape of the constriction, A(Z).

We show that above a critical or transition capillary number,
the time to snap-off of a gas bubble in a noncircular pore is con-
stant, while below this capillary number the time to snap-off is
predicted to be inversely proportional to the capillary number.
In addition, the contribution of z, to the snap-off time is found to
increase with increasing values of 3 and increasing dimension-
less constriction radii, A,. Finally, the influence of thin films of
wetting liquid on the time to snap-off is shown to be secondary;
at higher capillary numbers, thicker films are deposited, causing
a slight decrease in the time to snap-off.

Theory is compared to experiments conducted in two con-
stricted square capillaries, a narrow capillary with shape param-
eters A, = 0.3 and L/R; = 16, and a wide capillary with shape
parameters A, = 0.5 and L/R; = 14, When the degree of
roundedness of the corners is taken into account, the theory does
an excellent job of matching the data in the narrow pore with no
adjustable constants. Results in the wide pore are in qualitative
agreement with the theory in that the time to snap-off becomes
much larger as A, approaches the limiting value for snap-off. In
the narrow-pore experiments, the viscosity of the fluid is varied
by nearly an order of magnitude with no significant change in
the dimensionless time to snap-off, indicating that the problem
is properly scaled. The presence of surfactants augments the
time to snap-off; the amount of this increase can be predicted a
priori by accounting for the interfacial rigidity.

Acknowledgment

This work was supported by United States Department of Energy,
Grant No. DE-AC03-76SF00098 to Lawrence Berkeley Laboratories at
the University of California. T. C. Ransohoff acknowledges fellowships
from the Shell Foundation and the Regents of the University of Califor-
nia. P. A. Gauglitz received financial support from the Shell Develop-
ment Company.

Notation

a = radius of interfacial circle, m
a, = length from corner vertex to interface along pore wall, m
a, = distance from center of interfacial circle to filled-in corner, m
a,,, = distance from center of interfacial circle to sharp corner vertex,
m
A = cross-sectional area of capillary, m?
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Ca = capillary number, uru/o, ratio of viscous forces to tension
forces
C,, = mean curvature of interface, m~
C,,. = mean curvature of interface at neck of constriction, m™!
g(¥) =x — 3¥ — 6 cos ¥ sin (x/3 — ¥), function used in energy-
minimization calculation
h = thin film thickness, m
L = length of constriction, m
L., = perimeter of gas-solid contact in noncircular capillary, m
L., = wetted perimeter in given cross section of noncircular capillary,
m
L' = Lyyw ~ Ly, cos ¥, used in energy-minimization calculation, m
p = pressure, kg/m - s
P, = capillary pressure, kg/m - s
g = volumetric flow rate, m*/s
R = radius of largest inscribed circle in a noncircular cross section,
m
R, = radius of largest inscribed circle at neck of constriction, m
R, = transverse interfacial radius of curvature, m
Ro = degree of roundedness of corner
S = saturation or volume fraction of a phase
t = time, s
1, = time for a bubble to move through downstream side of a con-
striction, s
t. = time for liquid flow into constriction that causes snap-off, s
u = superficial velocity, m/s
v, = wetting-liquid axial velocity, m/s
z = axial position, m

1

Greek letters

a = half-angle of corner

B = dimensionless flow resistance along a corner
x = dimensionless interfacial radius of curvature
A = dimensionless local pore radius
\. = dimensionless radius at neck of constriction
¢ = viscosity of wetting phase, kg/m - s
u, = surface shear viscosity, kg/s

o = surface tension, kg /s’

7 = characteristic time, s

7. = characteristic time for corner flow, s

¥ = contact angle

w = angle describing sector of interfacial circle that comprises the

interface
Subscripts
f = thin film
g = gas phase
! = liquid phase
o0 = initial

so = snap-off
T = unconstricted section of the tube

I = initial

2 = final
Superscripts

~ = dimensionless

* — critical
Appendix

When a gas bubble front moves through a section of a cylin-
drical capillary, the radius of curvature of the bubble front is
equal to half the radius of the capillary, R/2, minus half the
thickness of the thin wetting film, /2. Assuming h < R, the
curvature of the deposited interface is set by the pore wall. How-
ever, in a noncircular capillary the curvature of the gas-liquid
interface is not constrained by the pore walls; it can adjust sig-
nificantly by moving the interface farther in or out of the corner.
Therefore, when a gas-bubble front moves through a noncircu-
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lar capillary this extra degree of freedom allows the interfacial
curvature to adjust to a minimum surface energy configura-
tion.

The procedure for calculating the minimum energy configu-
ration of a nonwetting bubble front in a noncircular capillary is
described by Mayer and Stowe (1965), who begin the analysis
by deriving the following expression for the capillary pressure in
a noncircular pore throat:

Loz — Loy COS \II) r

- =0—, Al
P =c y 4 (A1)

A

where L,,, is the cross-sectional perimeter of the curved gas-
liquid interface, L,,, is the perimeter of the gas-solid interface,
V¥ is the equilibrium contact angle, and A is the cross-sectional
area occupied by the nonwetting phase. The minimum surface
energy configuration is found by minimizing the capillary pres-
sure or, equivalently, by minimizing L'/ A. Therefore, for a given
contact angle and cross-sectional shape the problem reduces toa
complicated exercise in geometry.

Mayer and Stowe calculated the equilibrium configuration in
the pore channels resulting from a variety of arrangements of
monodisperse beads, and Legait (1983) has performed this cal-
culation for the case of a square capillary. In this appendix a
solution for the minimum surface energy configuration in an
equilateral triangular capillary is presented to illustrate the cal-
culation. The results of all of these calculations are summarized
in Table 1 in terms of a dimensionless mean interfacial curva-
ture, C“,,, = C, R, where R is the largest inscribed circle in the
cross section.

The geometry of the triangular capillary problem is presented
in Figure A1l. The first step in the solution is to determine L'/ 4.
The cross-sectional perimeter of the gas-liquid and gas-solid
interfaces, L,,, and L,,,, and the area occupied by the nonwet-
ting phase, A4, are given below in terms of the geometrical
parameters depicted in Figure Al:

an,w = Jwa (A2)
an,x = 6( '\/§R - al) (A3)

2 T 3
A=33R —3aa,sm5+‘ll +3va (A4)

The first term in the expression for the area, Eq. A4, is the area
of the entire triangle; the following two terms represent the area
of the wetting liquid. Simple plane triangle geometry allows one
to express w in terms of the contact angle, ¥, and @, in terms of ¥
and the interfacial radius of curvature a,

2
w= T" — 2% (AS)
a, = 2asin (g - \Il) (A6)

Equations A2 through A6 can be combined to give an expression
for L'/ A:

%’ 2 [3\/§cos v+ g(\I/)Zz] (A7)

TR| 3\3+g(W)@

where g(¥) =7 — 3¥ — 6 cos ¥sin (v/3 ~ ¥),and d = a/R.
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Nonwetting
Phase 7

Figure A1. Geometry for calculation of minimum energy
distribution of fluids at bubble front in an equi-
lateral triangular capillary.

The minimum energy configuration is determined by mini-
mizing L'/ A for a given contact angle, ¥, which is done by set-
ting the derivative of the right side of Eq. A7 equal to zero,

d [343cos ¥ + g(¥)a)
da| 343+ gzt |

(A8)

The differentiation indicated in Eq. A8 produces the quadratic
expression shown below:

—g(W)a? — 63 cos ¥a + 33 = 0. (A9)
Equation A9 can be solved for &,
3v3cos ¥ \/27 cos® ¥ + 3+3g(¥)
a= (A10)

—g(¥)

For the case where ¥ = 0, & is calculated to be 0.564, and C‘,,,,
which is the inverse of &, is 1.77.
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